We present complexity of the Galactic outer disc by fitting the stellar volume densities of the red giant branch stars with a two-disc component model. The discs are confirmed to extend to R ∼ 19 kpc. The radial density profile of the discs shows two breaks at R ∼ 11 and ∼ 14 kpc, respectively, which separate the radial profile into three segments with different scale lengths of 2.12 ± 0.26, 1.18 ± 0.08, and 2.72 kpc at R < 11, 11 ≤ R ≤ 14, and R > 14 kpc, respectively. The first break is likely due to the sudden drop in the radial profile of the thin disc, which may be an evidence of the radial migration. Beyond 14 kpc, the thick disc becomes prominent and the transition from thin to thick disc leads to the second break. This implies that the geometrically defined thick disc is more radially extended than the thin disc. This is also supported by the larger scale length of the thick disc than that of the thin disc. Meanwhile, the scale height of the thicker component increases from 0.637 +0.056 −0.036 at R = 8 to 1.284 +0.086 −0.079 kpc at R = 19 kpc, showing an intensive flared disc. Moreover, rich substructures are displayed in the residuals of the stellar density. Among them, the substructures D14 + 2.0 and O14 − 1.5 show a north-south asymmetry, which can be essentially explained by southward shifting of the thick disc. However, no significant overdensity is found for the Monoceros ring. Finally, the thick disc shows a ripple-like feature with unclear origin at 9 < R < 10.5 kpc.
INTRODUCTION
The Galactic disc is usually thought to have exponentially declining profiles in both vertical and radial directions (Gilmore & Reid 1983; Jurić et al. 2008; Bovy et al. 2012; Bland-Hawthorn & Gerhard 2016; Liu et al. 2017a, etc.) . In the vertical direction, an alternative sech 2 form is also freguently used as the density profile model (van der Kruit 1988; van der Kruit & Freeman 2011) .
The Galactic disc can be separated into a thin and a thick components based on the star count derived in the solar neighbourhood (Gilmore & Reid 1983) . Jurić et al. (2008) found that the thin disc has a smaller scale length than the thick disc, while Bovy et al. (2012) showed opposite trend, i.e. the scale length of the thin disc is larger than that of the E-mail: hfwang@bao.ac.cn † E-mail: liuchao@nao.cas.cn thick disc. Moreover, based on the mono-abundance populations, Bovy et al. (2012) argued that the scale length is a function of chemical abundance. If the α abundance is roughly treated as the proxy of age, then the authors showed that the younger population has a larger scale length while the older populations has smaller. Recently, Wan, Liu, & Deng (2017) confirmed that the younger red clump population is indeed has a larger scale length than the older red clump population.
Although there are variations in the estimated sizes of the thin and thick disc scale heights, most studies agree with each other that the scale height of the thin disc is around 220-450 pc, while the value for the thick disc is between 700 and 1200 pc in the solar vicinity (Bland-Hawthorn & Gerhard 2016) . The scale heights for the younger populations become smaller, implying that the younger populations are thinner than the older ones (Liu & van de Ven 2012; Bovy et al. 2012, etc.) . This picture can be explained by the secu-lar heating of the stellar disc due to the scattering of spiral structures and giant molecular clouds (Quillen & Garnett 2001; Yu & Liu 2018) .
Most of the studies of the star count of the Galactic discs are confined within a few kiloparsec around the Sun. Liu et al. (2017a, hereafter Paper I) extended the star count to the outskirt of the Galaxy with galactocentric distance of about 40 kpc. They found that the disc still contributes about 10% to the surface density profile at about R = 19 kpc. This evidence does not agree that the disc truncates at around 14-15 kpc (Reylé et al. 2009; Minniti et al. 2011) , but is consistent with Carraro et al. (2010 Carraro et al. ( , 2017 , Carraro (2015) , and Feast et al. (2014) that the disc may extend to larger radius than ∼ 20 kpc.
Fitting with a radial exponential profile, Paper I obtained that the scale length in the outer disc is only about 1.6 kpc, much smaller than the values measured in the solar neighbourhood (see the reviews by Rix & Bovy 2013; BlandHawthorn & Gerhard 2016) . Liu et al. (2017b) later noted that if they confine the surface density profile to the range of 8.5 < R < 11.5 kpc, the scale length becomes 2.37 ± 0.02 kpc, similar to other works. This implies that the radial density profile of the outer disc may not follow a perfect exponential form, but show a down-bending break at around R ∼ 11 kpc. It is known that the shape of the radial surface brightness profile of the external galaxies can be roughly classified as three types (Pohlen & Trujillo 2006) . It is quite curious which type that the Milky Way belongs to. In principle, the shape of the radial profile may be used to probe the secular evolution of the Galaxy (Debattista et al. 2006; Roškar et al. 2008) .
However, because Paper I used the surface density profile in which the vertical details have been marginalised, it may not be the best way to unveil the 2-dimensional (radial and vertical) features in the Galactic outer disc. Indeed, the radial structure in the outer disc has been found quite complicated such that it is not a simplistic exponential nor a sech 2 shape, but distorted by flaring, meaning that the scale height increases with R. López-Corredoira et al. (2002) suggested a new disc model taking into account an exponentially increasing flare along the Galactocentric radius. However, the thick disc is not taken into account in their flare model. Later, López-Corredoira & Molgó (2014) changed the form to quadratic polynomial and allowed for the thick component in their new flare model. They derived a flare for both thin and thick discs with moderate increasing rate in the outskirt of the Galaxy. Using red clump stars, Wan, Liu, & Deng (2017) measured the flare of the thin disc without presuming any analytic form. They found that the increasing trend of the flare from R = 9 to 14 kpc is quite similar to López-Corredoira & Molgó (2014) .
When the number of the observed stars are large and the accuracy of the star counting is improved, the subtle substructures in the vertical stellar density profile can be revealed. Widrow et al. (2012) found wave-like oscillations in the residual of the vertical stellar density profile after subtracting a sech 2 model (also see Johnston et al. 2017) . Simulations show that a merging dwarf galaxy can induce perturbation to the stellar disc and can produce similar oscillations in stellar density (Gómez et al. 2013; D'Onghia et al. 2016; Gómez et al. 2017) .
The wave-like feature is not only discovered in the solar neighbourhood, but also found in the Galactic outer disc. Xu et al. (2015, hereafter X15) found that the star count located at about 2-3 kpc beyond the location of the Sun is larger in the north of the disc mid-plane than in the south (north near structure). The authors also reveal another asymmetric feature at the distance of about 5 kpc at which the stars become more in the south than in the north (south middle structure). Moreover, they found that, at distance of about 8-10 kpc, the Monoceros ring makes the north more denser than the south again. All these substructures form a wobbly disc in a large range of radii. The origin of the Monoceros ring reported in various works (Newberg et al. 2002; Ivezić et al. 2008 ) is still in debate (Conn et al. 2012) . Some works tend to attribute it to a part of the accretion debris from a disrupting satellite (Yanny et al. 2003; Martin et al. 2004) . Some others argued that it may be part of the flare or warp in the outer disc (Momany et al. 2006; Hammersley & López-Corredoira 2011) . Recently, Purcell et al. (2011) and Laporte et al. (2018) found that the perturbation induced by the satellites surrounding the Milky Way can also produce similar substructure.
Paper I found that the Monoceros ring is not statistically significant in the stellar density map covering a large continuous sky area from Galactic mid-plane to high Galactic latitude. It seems that the Monoceros ring is part of the disc. Indeed, the kinematics of the Monoceros ring seems very like the outer disc (Li et al. 2012; de Boer, Belokurov, & Koposov 2018) . The metallicity of this feature is between -0.8 and -1 (Jurić et al. 2008; Li et al. 2012; Conn et al. 2012) . Although it is lower than the typical value of the thin disc in the solar neighbourhood, it is similar to the thick disc population or, after taking into account the abundance gradient, it is also consistent with the regular thin disc. Note that Yanny et al. (2003) estimated the "preliminary" metallicity of -1.6 for the Monoceros ring with large dispersion.
In this work, we follow the Paper I to map the disc structure in R-Z plane from the location of the Sun to about 20 kpc away from the Galactic centre using the LAMOST red giant branch (RGB) stars. Unlike using the surface density profile as in Paper I, we turn to use the volume density so that the spatial structure of the outer disc in both vertical and radial directions can be probed. Firstly, we measure the vertical structural parameters at different radius slices. Then we investigate how the stellar density profiles and scale heights of different disc components change with radii.
The paper is organised as below. In section 2, we describe the selection of the RGB tracers and briefly introduce how the stellar density is derived. In section 3, we build the vertical star count model used in various R slices. In section 4, we display the results about the structural features in the outer disc. Then we raise discussions in section 5 and briefly summarise in the last section.
DATA

Sample selection
Paper I has shown that the RGB stars are good tracers for the discs as well as the stellar halo. Therefore, we use the RGB stars observed in the LAMOST survey (Cui et al. 2012;  Deng et al. 2012) to probe the structures of the outer disc. We select the RGB stars from the LAMOST DR3 catalogue, which contains about 3.2 million stellar spectra with stellar parameter estimates based on the pipeline described by Luo et al. (2015) .
Zhao
We start with the selection of the K giant stars following the criteria suggested by Liu et al. (2014) . About 700 thousands K giant stars are selected from the LAMOST DR3. Then the identified red clump stars (Wan et al. 2015; Tian et al. 2017 ) are removed to obtain the pure RGB stars from the K giant samples. About 570 000 RGB stars are left after excluding possible red clump stars.
The probability density functions of absolute magnitude for the RGB stars are determined using the method developed by Carlin et al. (2015) . Then the distances to the stars are determined from the derived absolute magnitudes combined with the interstellar extinctions estimated from Rayleigh-Jeans colour excess (Majewski, Zasowski, & Nidever 2011; Zasowski et al. 2013) . Wang et al. (2017) investigated the external error of the distance by comparing with TGAS data (Gaia Collaboration et al. 2016; Astraatmadja & Bailer-Jones 2016) and found that the systematic bias is about −10% with random uncertainty of about 20%.
Although using all RGB stars can extremely increase the number of samples, the different volume completeness for different absolute magnitudes would induce Malmquist bias. Therefore, we select the RGB stars with −4 < M K < −2 mag, where M K is the absolute magnitude in 2MASS K sband. The stars in this range are volume complete within the distance of ∼ 20 kpc (see Figure 1) . Meanwhile, to ensure that all the stars have reliable 2MASS photometry, we select the RGB stars with K < 14.3 mag, which is the limiting magnitude of 2MASS data (Skrutskie et al. 2006) . Note that most of the LAMOST RGB stars are within this range, such a cut would not induce substantial selection effect in the samples (see Paper I). Finally, 69 923 RGB stars are selected for this work. Figure 2 shows the three dimensional distribution of the selected RGB samples in Galactocentric cylindrical coordinates. The direction of the azimuth angle, φ, is chosen to be same as the rotation direction of the Galaxy. Because LAM-OST survey only observe the northern sky, the RGB stars are more located in area with positive Z.
The bottom-right panel shows the spatial distribution in R-φ plane for the sub-sample with |Z | < 2 kpc. Although a few stars spread in a wide range of φ, more than 80% of the RGB samples are concentrated within ∼ 20 • in φ when R > 10 kpc. In other word, the RGB samples are mostly concentrated in the Galactic anti-centre (GAC) direction.
The stellar density map in the outer disc
According to Paper I, the selection effect induced by the target selections and observations can be corrected during the determination of the stellar density. We briefly describe the approach in this section. More details and performance assessment can be referred to Paper I.
Firstly, we assume that the 2MASS photometry is the complete dataset for the stars brighter than K = 14.3 mag. Then we assume that, at a given line-of-sight represented by the Galactic coordinates (l, b) with solid angle Ω, the probability finding a star at distance D in the LAMOST data should be roughly same as in the 2MASS data with similar colour and magnitude, i.e.,
where J − K and K stand for the colour index and K s -band magnitude in 2MASS, respectively. Then the stellar densities for photometric data, ν ph , and for spectroscopic data, ν sp , are associated with each other through
where S represents for the selection function of the spectroscopic data. The stellar density at distance D for the photometric data, which is supposed to be the real density, can be obtained by integrating over colour index and magnitude:
The selection function can be determined by
where n sp and n ph are the star counts of the spectroscopic and photometric data in J − K vs. K plane, respectively. Because the number of spectroscopically observed stars are usually very limited in a line-of-sight and the uncertainty of distance to the stars cannot be ignored, a kernel density estimation (KDE) is applied to derive ν sp along a line-ofsight, i.e.
where p i (D) is the probability density function of D for the ith star. In principle, the stellar density can be derived at any distance along the given line-of-sight, since it is a continuous function of distance based on Eq. (5). However, at the distance in which no sample star is located, the density estimates may not be reliable, according to the tests by Paper I. Thus, we only use the stellar density value at the location of the sample star.
In LAMOST survey, each observation positioning a lineof-sight is denoted as a "plate", which has a solid angle of 20 square degrees. Because of the 4000 fibres installed on the focal plane, each plate can typically observe 2000-3000 stars (most of the rest fibres are for sky background, while a few of them are spire or dead fibres). This allows sufficient statistics to measure one ν ph (D) for a plate. Paper I shows that the error of a ν ph (D) estimate is around σ ν /ν = 0.25. However, because LAMOST survey mostly covers a line-ofsight with multiple plates containing different targets, the stellar density of the line-of-sight is actually measured multiple times with different sample stars. Therefore, the error of the stellar density can be effectively suppressed by averaging over the multiple measurements.
The top panel of Figure 3 shows the map of the mean stellar density in R-Z plane, where R and Z are galactocentric cylindrical coordinates. The stellar density, ν, is defined as the number of the RGB stars per pc 3 . We adopt that the Sun is located at R 0 = 8.34 kpc (Reid et al. 2014 ) and Z 0 = 0.027 kpc (Chen et al. 2001) . As in Paper I, the RGB stars selected for this work display similarly large disc, which does not truncate within R ∼ 20 kpc.
Paper I has compared the derived interstellar extinction with the 3-D extinction model provided by Green et al. (2014 Green et al. ( , 2015 at a few lines-of-sight with high extinction in the GAC region. It shows that the two extinctions are consistent with each other within an uncertainty of A K ∼ 0.2 mag, which can induce less than 10% uncertainty in distance. Therefore, we infer that the uncertainty of extinction may not substantially affect the stellar density profiles. However, for a few distant and faint (i.e. K ∼ 14 mag) RGB stars, high extinction may lead to slight volume incompleteness. Those faint stars with larger extinction may have apparent magnitude fainter than K = 14.3 mag and hence are cut off. Because high interstellar extinction areas are mostly located at southern Galactic disc due to the nearby star forming regions e.g. Orion, Taurus etc., this may lead to some north-south asymmetry at large R. Indeed, the top panel of Figure 3 does show a spike-like feature at around Z ∼ −1 kpc and R > 15 kpc, which is likely the effect of the extinction. In next sections, we quantify the stellar density profile by modelling the vertical density profile at various radius bins. The relative residual map shown in the bottom panel of Figure 3 will be discussed in section 4.3.
STAR COUNT MODEL
At a given R bin, the vertical stellar density profile is composed of three components, the thin and thick disc and the stellar halo. We adopt the sech 2 model (van der Kruit 1988) for the thin and thick discs and a power-law for the halo.
For the thin disc component, the vertical density profile at given R can be written as
where ν 0 (R) is the total stellar density at Z = 0, f t (R) and f h (R) are the fractions of the thick disc and halo component at Z = 0, respectively. And h z1 (R) is the scale height of the thin disc. All these parameters are functions of R without any pre-defined analytical form. For the thick disc, it becomes
Similar to the thin disc, the scale height of the thick disc, h z2 (R), is also a function of R without pre-defined form. Note that the stellar warp are neglected in the thin and thick disc models. As shown in the bottom-right panel of Figure 2, the RGB stars are mostly concentrated along GAC region. According to López-Corredoira et al. (2002) , the GAC direction is nearly overlapped with the line-of-node of the stellar warp, meaning that the stars located around GAC is not sensitive to the warp. We further quantify the effect of the warp at R ∼ 14 kpc as an instance. Adopting the warp model from López-Corredoira et al. (2002), we find that the warp induced vertical offsets is around 0.01 kpc for the selected RGB stars located at around R = 14 kpc. Compared to the scale height at the same radius, which is 0.36 kpc for the thin disc (see Table 1 ), neglecting the warp in the disc models may not substantially change the result.
For the halo, the density model can be written as
where n and q are the power index and axis ratio of the stellar halo, respectively, providing that the halo is axisymmetric. Since we focus on the shape of the disc in this work, we fix the parameters of the halo, n and q, for simplification. Hence, ν 0 , f t , h z1 , h z2 , and f h are the free parameters in the model. Combining Eqs (6)- (8), the total stellar density model becomes
Xu et al. (2018, hereafter Paper II) showed that q is correlated with the galactocentric radius. Within R < 20 kpc, q changes from ∼ 0.5 to 0.8. Paper II also gives the best fit power index of 5 with variable q. We adopt the result from Paper II and fix n at 5. We adopt a variable q following the empirical relationship with galactocentric radius r suggested by Paper II. Hence q becomes
To derive all the free parameters mentioned in Eq (9) at each R bin, we firstly set up the histogram of the mean vertical stellar density along Z grid. Then we obtain the likelihood distribution of the vertical stellar density profile as
where Z i is the ith point of the Z grid. It is then sampled with a Markov chain Monte Carlo (MCMC) simulation provided by emcee (Foreman-Mackey et al. 2013 ). The best-fit values of the free parameters are determined by the peaks of the marginalised likelihood distributions. The uncertainties of the estimates are determined using the 15% and 85% percentiles of the MCMC samples.
RESULTS
We separate the RGB samples into R bins centred at R = 7. 5, 8, 8.25, 8.5, 8.75, 9, 9.25, 9.5, 9.75, 10, 11, 12.44, 14, 16 , and 19 kpc. The width of bins is 0.25 kpc for those with R ≤ 10 kpc, and enlarged to 1.75 kpc at R = 11 kpc, 1.125 kpc at R = 12.44, 2 kpc at R = 14 and 16 kpc, and 4 kpc at R = 19 kpc. The principles about the separation of the bins along R is as below. First, we expect that the bin size is as small as possible to obtain better resolution in R. Second, we need to keep as many as possible stars in each bin so that we can have good coverage in Z direction. For most of the bins with 
R < 10 kpc, we tested several solutions and find the bin size of 0.25 kpc can comply with the statistical requirement. The size is much smaller compared to the scale length. And the numbers of the samples in these bins are larger than 1000. Meanwhile, for the bins at R > 10 kpc, we gradually enlarge the bin sizes to include more stars so that there are sufficient stars covering Z direction. In section 5.1, we tested that even we set bins with larger size, it would not bring substantially systematical bias in the disc modelling. The performance of the MCMC simulations is demonstrated in Figure 4 , which displays the simulation at R = 10 kpc. The best-fit parameters for different R bins are listed in Table 1 .
Beyond R = 14 kpc, the vertical stellar densities do not prefer to two disc components such that the MCMC simulation can not converge to meaningful parameter values.
Therefore, we only apply one disc component to the model for R > 14 kpc.
At R > 14 kpc, the scale heights of the only disc component is comparable to a typical thick disc at R < 14 kpc. It can be either the extension of the thick disc population or the outskirt of the substantially flared thin disc population. We simply denote it as the outer disc to avoid preconception of which population it belongs to. The nature of the outer disc will be discussed in next section.
As discussed in section 2.2, at R > 15 kpc, the volume incompleteness induced by the extinction may affect the density profiles at around Z ∼ −1 kpc. However, at these large radii, the disc component is quite thick with scale heights larger than ∼ 1 kpc. Moreover, extinction does not influence the stellar density in the north of the disc. Therefore, extinction would not significantly change the result of the model fitting, although the residual of the model may be enlarged.
Because that the observed data do not well constrain the stellar density at R = 7.5 kpc, we exclude this data point in next sections.
The radial density profiles of the discs
Type II+III disc profile
The left panel of Figure 5 shows the resulting radial density profiles at Z = 0 for different components.
The total radial stellar density for the discs (the black dots) shows two breaks: a down-bending break at around R = 11 kpc and an up-bending break located at R ∼ 14 kpc. As a reference, the radial profile of the stellar halo (black crosses) does not show similar breaks. Therefore, the two breaks only occur in the discs.
The two breaks separate the radial density profile into three segments: R = 8-11, 11-14, and 16-19 kpc. They are separately fitted with exponential models and the best-fit scale lengths are L 1 = 2.12 ± 0.26, L 2 = 1.18 ± 0.08, and L 3 = 2.72 kpc, respectively. Because that the last segment contains only two data points, the error of L 3 is not provided.
The first down-bending break is consistent with Liu et al. (2017b) , who found a similar but marginal break at around 11 kpc from the surface density profile derived by Paper I. The authors obtained the scale length of the disc as 2.37 kpc within R = 8.5-11.5 kpc, which also agrees with this work.
It is noted that such a double-break radial profile is not unusual in external late-type galaxies. Pohlen & Trujillo (2006) shows that NGC 2701, NGC4273, NGC4904, and NGC5147 have a down-bending break followed with a upbending break, which are very similar to the radial profile shown in the left panel of Figure 5 . The authors classify such kind of profile as type II+III.
While the radial profile of the thick disc (blue rectangles) is quite flat in the range 11 < R < 14 kpc, the radial density profile of the thin disc (red circles) shows an abrupt drop-down at R > 11 kpc and then fades away at larger radii. Therefore, it is likely that the first break at R ∼ 11 kpc is due to the fading away of the thin disc.
Radial migration may lead to the first drop-down in the radial profile of the thin disc. Roškar et al. (2008) pointed out that the radial density profile of the disc experienced radial migration will exhibit a down-bending break in the outskirt Wan+17 oldRC Wan+17 youngRC LC+02 LC+14 thin LC+14 thick Thin disc Thick disc Outer disc Figure 5 . The left panel displays the radial density profiles at Z = 0 kpc for different components. The black dots represent for the total radial profile of the disc components, i.e. ln(ν 0 (1 − f h )). The red circles and blue rectangles show the radial profiles of the thin and thick discs, i.e. ln(ν 0 (1 − f t − f h )) and ln(ν 0 f t ), respectively, within R = 14 kpc. The black triangles display the radial densities of the outer disc, i.e. ln(ν 0 (1 − f h )). As a comparison, the density profile of the halo is displayed as black crosses. The total radial profile of the disc components is fitted with three segments of exponentials and displayed with three black dashed lines. The radial profile of the thick disc is fitted with an exponential and displayed as a blue dashed line. The right panel shows the scale heights of the thin, thick and outer discs with the red hollow circles, blue rectangles, and black triangles, respectively. The green solid and dashed lines indicate the scale heights for the old and young red clump stars from Wan, Liu, & Deng (2017) . The grey dash-dotted line indicates the flare model from López-Corredoira et al. (2002) . And the grey dotted and dashed lines show the flare models for the thin and thick discs, respectively, from López-Corredoira & Molgó (2014) . The blue dashed line shows the quadratic flare model derived from the thick+outer discs. Table 1 . The best-fit parameters of the models of the vertical density profile at different R bins. of the disc, which is quite similar to the radial profile of the thin disc. Therefore, the down-bending break shown at R ∼ 11 kpc may reflect the radial migration occurred in the thin disc. Although the radial density profile of the thick disc shows a ripple-like feature at 9 < R < 10 kpc (will be discussed in section 5.3), it roughly follows an exponential-like profile with larger uncertainty. The best-fit scale length of the thick disc within R = 14 kpc is L thick = 2.72 ± 0.57 kpc. When the exponential profile is extended to 16 ≤ R ≤ 19 kpc, it well overlaps with the radial densities of the outer disc. Thus, it seems that the outer disc is the extension of the thick disc. While the radial profile of the thin disc gradually fades away at 11 < R < 14 kpc, the thick disc component becomes prominent beyond 14 kpc. This transition may lead to the second up-bending break at R ∼ 14 kpc.
It is worthy to point out that the above analysis is phenomenological. The consistency of the radial profile between the thick and the outer discs does not necessarily mean that they are from the same stellar population. Consequently, other explanations about the two breaks in the radial profile can not be ruled out. One scenario is that the radial migration induced by the minor mergers in the outskirt of the galaxy can significantly affect the stellar distribution in the outer disc, according to the simulations conducted by Bird, Kazantzidis, & Weinberg (2012) . However, these authors did not quantify how the radial density profile change with the perturbation of the minor mergers. Hence, it is not clear whether perturbation from the merging satellites can lead to the up-bending break. In the case of external galaxies, Pohlen & Trujillo (2006) also suggested that interaction with nearby companions may be responsible for the complicated features in some of the Type II+III galaxies.
The scale lengths of the thin and thick discs
The scale length of the thin disc within R ≤ 11 kpc is L thin = 2.13 ± 0.23 kpc, significantly smaller than that of the thick disc, which is L thick = 2.72±0.57 kpc. We compare our result with previous works, mainly Jurić et al. (2008) and Bovy et al. (2012) . Jurić et al. (2008) used the photometric main-sequence stars with various colour indices observed by SDSS survey and fitted the data with an axisymmetric star count model containing two disc components. The biggest difference between Jurić et al. (2008) and this work is that they assume that the radial density profiles of the two discs follow exponential shapes, while we do not add any assumption on the shape of the radial density profile. This means that, unlike this work, they did not take into account the flare in their model.
Since in this work the thin and thick discs essentially show exponential-like radial density profile at R ≤ 11 kpc, we can compare the scale lengths for the two disc components with these authors at this range of radii. Jurić et al. (2008) suggested that the scale lengths are 2.6 and 3.6 kpc for the thin and thick disc, respectively, which are slightly larger than our result. Although these values show systematics to some extent, our results well agree with these authors that the scale length of the thick disc is larger than that of the thin disc. The ratio of the scale length of the thick to thin disc is ∼ 1.3, in agreement with the typical ratios found in the external galaxies (Yoachim & Dalcanton 2006) . The larger scale length of the thick disc also supports that the thick disc dominate the Galactic outskirt and produces the up-bending break when the thin disc fades away. Bovy et al. (2012) separated the SDSS observed G-dwarf stars into "mono abundance sub-populations", i.e. group the stars with similar [Fe/H] and [α/Fe]. Then they fitted the stellar density for each mono abundance population with a single disc component. Both the radial and vertical density profiles of the disc follow exponential. Again, these authors did not take into account the flare of the discs. It is noted that there is neither thin nor thick disc defined by geometry in their model. The high-α abundance populations show larger scale heights and are treated as the thicker component, while the low-α abundance populations display smaller scale heights and are considered as the thinner component (for more details about different definitions of the thick disc, please refer to Martig et al. 2016) . Adopting the definition of the thinner and thicker discs based on the chemical abundance, these authors show that the thicker disc has a smaller scale length and the thinner disc has a larger scale length. Recently, Bensby (2017) , who also follow the chemical definition of the thin/thick disc, exhibited similar result using high-resolution spectroscopic data.
It is clear that the geometrically defined thick disc, such as Jurić et al. (2008) and this work, shows larger scale length than the thin disc, while the chemically defined thin/thick discs show opposite trend.
The discrepancy implies that the geometrically defined thick disc in the larger radii may have lower α-abundance and thus it may be treated as the chemically defined thin disc with significant flare. If this is true, then the formation of the flare may be as described as Minchev et al. (2015) .
It is clear that the key to better understand the nature of the double-break in the disc radial profile and the origin of the thin/thick disc in the Galactic outskirt is the stellar chemical abundance, which would be helpful in discriminating the stellar populations. Note that Ho et al. (2017) has provided chemical abundances for the LAMOST DR2 data, it is worthwhile to further investigate this issue with chemistry in future works.
The flare
The flare of the disc can be qualitatively demonstrated by piling the vertical stellar density profiles of different R bins together as shown in Figure 6 . It is obviously seen that the vertical density profiles are broadened with increasing R, implying that the Galactic disc is substantially thickened with R. However, it is not obvious that whether the flare is mainly contributed by the thin or the thick disc. To better discriminate this, we display the scale heights for the thin, thick, and outer discs with the red hollow circles, blue hollow rectangles, and black hallow triangles, respectively, in the right panel of Figure 5 .
The flared thin disc
For the thin disc, the scale height slightly declines from 8 to about 9 kpc. Then it mildly increases from 9 to ∼ 12 kpc. At 14 kpc, the scale height is essentially same as at 12.44 kpc, meaning that the thin disc is not further flared at this radius. We compare the flare with previous works. López-Corredoira et al. (2002) used photometrically selected red clump stars as the tracers of the flare. The authors empirically assumed that the disc is thickened with radius exponentially. Compared to their flare model (which is indicated with a grey dot-dashed line in the right panel of Figure 5 ), the scale height trends in this work is much flatter.
López-Corredoira & Molgó (2014) turned to use F/G main-sequence stars and adjusted the flare model to quadratic model, which increases quite mildly. Meanwhile, they also take into account the thick disc in their new flare model (the grey dotted and dashed lines for the thin and thick disc, respectively). Although our result is roughly consistent with López-Corredoira & Molgó (2014) within R < 12 kpc, the scale height at R = 14 kpc is substantially smaller than their quadratic model.
We compare the flared scale heights for the RGB stars with those for the red clump stars derived by Wan, Liu, & Deng (2017) (the green solid and dashed lines for the old and young populations, respectively). Wan, Liu, & Deng (2017) adopted the same approach as this work to derive the stellar density for the LAMOST red clump stars. We find that it is quite consistent with the one for the old red clump stars (the green solid line). This is reasonable since the averaged age of the RGB stars is around 3-6 Gyr (see Figure 7 in Ho et al. 2017) , similar to the old red clump stars, which is about 4 Gyr (Tian et al. 2017) . Wan, Liu, & Deng (2017) shows flatter trend in radial variation of scale height, similar to this work, with essentially same type of tracers as López-Corredoira et al. (2002) . This implies that the exponential flare model may not match the observed data.
To investigate whether the outer disc is associated with the thin disc in terms of flare, we attempt to combine the scale heights of the two components together.
The scale height of the outer disc at 16 kpc is significantly larger than that of the thin disc at 14 kpc by a factor of 2.6 and hence shows an abrupt jump from R = 14 to 16 kpc. Consequently, the scale height of the thin disc does not smoothly transit to that of the outer disc. This can not be explained by the current theories of the flaring. Theoretically, the flare may be induced by the interaction of the merging satellites (Kazantzidis et al. 2008; Villalobos & Helmi 2008; Bournaud, Elmegreen, & Martig 2009) or the secular evolution of the disc (Minchev et al. 2012 (Minchev et al. , 2015 . Both scenarios expect that the scale height of the flared disc should smoothly increases with radii. Therefore, either the outer disc is not from the same population as the thin disc or there should be another channel to explain the origin of the flare considering the discontinuity.
The flared thick disc
In the right panel of Figure 5 , the scale height of the thick disc shows an oscillation at around 9-10 kpc, similar to the stellar density shown in the left panel. We will discuss it in section 5.3. Other than this ripple-like feature, the thick disc does not show substantial flare within 14 kpc. However, if we combine the outer with the thick disc, their scale heights can be well fitted with a quadratic model described as below:
which is displayed as the blue dashed line in the panel. This model is qualitatively in agreement with the thick disk flare model from López-Corredoira & Molgó (2014) (the grey dotted line) with a slight systematic shift. Although the flare does not necessarily increase as a quadratic polynomial, the observed data well fitted with the continuous model implies that the thickening trend is quite smooth without discontinuity. Therefore, it seems that the outer disc population may not belong to the thin disc population, but more likely an extension of the thick disc. Certainly the conclusion is not exclusive, other explanations can not be ruled out. Figure 7 shows the residuals of the vertical density model at various R bins. It is obviously seen that the residuals do not randomly fluctuate but show lots of substructures, including overdensities and dips.
Substructures
To emphasise these substructures in R-Z plane, we produce a 2D density model by interpolating the 1D vertical density models along R. Then the 2D residual map (bottom panel of Figure 3 ) can be derived by subtracting the model from the data, i.e. δν/ν ≡ ( ν (R, Z) − ν model (R, Z))/ν model (R, Z). The bottom panel of Figure 8 shows the similar residual map but is zoomed in to smaller region around the Sun. It is noted that there are white holes in the upper panel. They are because the lack of targets in these small regions in the LAMOST survey.
Together with Figures 3, 7 and 8, we are able to identify 6 overdensities and 3 dips using the criteria that 1) the 1D residuals in Figure 7 are larger than 0 by at least 2-σ and 2) the features are seen in at least two neighbouring R bins. We nominate the overdensities starting with letter "O" and followed with the typical values of R and Z. For the dips, the name is started with "D". Table 2 lists all 9 identified substructures. We also mark them in Figures 3, 7 and 8 using solid ellipses for overdensities and dashed ellipses for dips. We discuss them individually in next subsections.
Overdensity
The overdensity O9.0 + 1.0 is clearly shown in Figures 7 and 8. Since the stars contributed to this overdensity are not located in low Galactic latitude, the extinction should not affect the density measurement. The location is consistent with the overdensity found at R ∼ 9.5 kpc and Z ∼ 0.8 kpc by Jurić et al. (2008) (see the second and third rows in the right-most column of their Figure 26 and the right panel of their Figure 27 ).
Overdensity O10 + 0.3
The overdensity O10 + 0.3 is prominent in Figures 7 and 8 . The Galactic latitude for the densest point of O10 + 0.3, which is located around 10.3 kpc, is ∼ 15 • . The distance and the latitude for O10 + 0.3 is consistent with the north near structure discovered by X15.
Overdensity O14 − 2.0
The overdensity O14 − 2.0, as seen in Figure 3 , is one of the most prominent substructures. The Galactic latitude for the densest point of O14 − 2.0, which is located at R ∼ 13 kpc, is around −20 • . Considering this angle and that the distance to the Sun is around 5 kpc, we can identify that it should be the south middle substructure discovered in X15. Unlike X15, who identify it from colour-magnitude diagram, the 2D density map shows the spatial details that O14 − 2.0 is substantially elongated by about 6 kpc in R. Such a large range can not be explained by the uncertainty of the distance estimate, which is 20%. At distance of 5 kpc, such uncertainty can only produce an elongation feature with length of 2 kpc.
Dip D14 + 1.5
The dip D14 + 1.5 is substantially seen in Figures 3 and  7 . Because the stars contributed to this feature are mostly located in the middle Galactic latitude, the effect of the interstellar extinction can be negligible. Therefore, it is likely a real dip in the outer disc.
4.3.5 Dip D8.5 + 0.2
The dip D8.5 + 0.2 is consistent with the north dip shown in Widrow et al. (2012) at R ∼ 8 kpc. In Figure 8 , we find it almost extends to 9 kpc in the north of the Galactic midplane. Further compared to Widrow et al. (2012) at Z < 0 (the red line shown in Figure 7) , we find that the residuals in our result is not consistent with these authors. It is noted that they measured the vertical density profile using the data located within 54 • < |b| < 68 • . Consequently, the density at different Z corresponds to slightly different R. Because in this work the vertical density is measured in R slices, in which the density at different Z is independent of R, the substructures derived by these authors may not be completely same as our result. )+const Z=2kpc Z=4kpc Figure 9 . The black and red data points stand for the stellar density profiles at Z = +2 and +4 kpc, respectively.
4.3.6 Overdensity O8.5 + 4.0
The overdensity O8.5 + 4.0 is located at Z ∼ 4 kpc, which is too high to be a substructure of the thin disc. Compared to Jurić et al. (2008) , O8.5 + 4.0 is just at the right edge of the Virgo overdensity. Hence, it may be the outer part of Virgo overdensity.
Overdensity
The overdensity O8.0 − 0.1 is prominent at R ∼ 8.25 kpc, which is very close to the Sun. At such small distance to the Sun, the RGB stars may suffers from the incompleteness since their apparent magnitude is close to the brightest limiting magnitude of the LAMOST survey (r ∼ 9 mag). Hence, it is not clear whether the feature is real.
Overdensity O12 + 4.0
The overdensity O12 + 4.0 is also located at Z ∼ 4 kpc, similar to O8.5 + 4.0 but at larger distance. Its location does not match the Virgo overdensity. It may be either a new substructure in the thick disc/halo or a noise due to the very few samples at larger Z.
4.3.9 Dip D10 − 0.5
Because the dip D10 − 0.5 is very close to the Galactic midplane, it may be more affected by the interstellar extinction than other substructures. Therefore, it is not clear the nature of this substructure.
Monoceros ring
Because that the RGB samples can complete as far as ∼ 20 kpc, they should be able to exhibit the Monoceros ring located at 8-10 kpc away from the Sun. However, in the bottom panels of Figures 5 and 7 , no statistically substantial substructure is identified in the north of the Galactic midplane at around R ∼ 16-19 kpc, although the stellar density at Z ∼ +4 kpc is slightly larger than that at ∼ −4 kpc by ∼ 1-σ.
The absence of the Monoceros ring is very likely because that this substructure is just a part of the flare, which has been taken into account in our disc models. In Figure 9 , we demonstrate how the Monoceros ring shows itself up when the flare is neglected. It shows that the radial density profile at Z = 4 kpc (red line) exhibits a bump at R > 14 kpc compared to the radial density profile at Z = 2 kpc (black line). When flare is not taken into account, the disc follows a perfect radial exponential profile, which implies that the scale length of the radial profile measured at any Z 0 should be same as that at Z = 0. Then the bump displayed in the profile at Z = 4 kpc would be mistakenly treated as the substructure. When flare is considered in the disc model, the density profile at different heights should show different slope, the larger the Z, the flatter the radial profile. This can naturally explain the bump at R > 14 showing in Figure 9 .
This inference is essentially consistent with Momany et al. (2006) and some other works. Note that both Jurić et al. (2008) and X15 did not take into account the effect of the flare in the outskirt. Thus, it is not surprising that they can see the overdensity at larger Z by comparing with the exponential model.
In general, a flare should show north-south symmetry. However, if the mid-plane of the (thick) disc slightly shift to Z > 0, the stellar density in north may be larger than that in south, as discussed in section 5.2. The moderate asymmetry shown in the residual of the vertical density profile at R = 19 kpc may imply that the mid-plane of the disc shifts to north to some extent. This could be the reason that previous works found that the Monoceros ring is more prominent in the north than in the south (Newberg et al. 2002, and X15) . However, from the current RGB stars, although the northsouth asymmetry can be barely seen, it is not statistically significant. Moreover, the larger interstellar extinction in the south of the Galactic mid-plane may induce completeness issue in the larger distance. This may result in a systematic underestimation of the stellar density in the south side of the Galactic mid-plane.
DISCUSSIONS
Assess the systematic bias induced by the broad R bins
Ideally, the width of R bins should be infinitely small so that the vertical stellar density in this bin would not be affected by radial difference of the stellar density within the bin. However, in practice, the size of the R bins in this work changes from 0.25 to 4 kpc, which is comparable to the scale lengths of the discs. Therefore, it is worthy to assess whether the binning technique induces any systematic bias in the determination of the structural parameters. For this purpose, we apply the modelling method to a mock dataset and compare the derived parameters with the pre-defined values. We separate the R bins with much larger sizes than the real data, i.e. 1 kpc at R ≤ 13 kpc and 4 kpc at r = 18 kpc, so that the potential systematics due to the sizes of the bins can be better demonstrated. The mock stellar density data is then randomly drawn from the pre-defined Galactic model for each R bin. We keep the similar number of the stellar density data as the real observed data at each R bin. The mock data follow a pre-defined Galactic model with the scale length of 2 and 4 kpc, respectively, for the thin and thick discs. The scale heights for the thin and thick discs are arbitrarily set at 0.21 and 0.8 kpc, respectively, for all radii. To be simplified, flare is not taken into account in the test dataset. The fractions of the thick disc and the halo at the location of the Sun are set to 0.08 and 0.004, respectively. The derived structural parameters for the mock dataset are displayed in Figure 10 . The top panel of the figure shows that the reproduced scale lengths of the thin and thick discs are in well agreement with the pre-defined values. The middle panel shows the derived scale heights of the thin disc at different R bins, well consistent with the pre-defined value. For the thick disc, shown in the bottom panel of the figure, the scale height estimates are around 0.75 kpc, slightly smaller than the pre-defined value of 0.8 kpc. Although the underestimations are systematic in the sense that it occurs at all R bins, they are not significant since the offset is smaller than the uncertainty of the scale height estimates, which is around 0.1 kpc. We therefore conclude that the binning technique in R is reliable in reconstructing the structural parameters of the discs.
More investigation in the substructures
It is noted that, in Figure 7 , residuals at many R bins, especially at 12.44 and 14 kpc, show the dip D14 + 1.5 in the north and the corresponding overdensity O14 − 2.0 in the south. These can be due to the slightly southward offset of the discs. X15 has considered the effect of the vertically shifting of the thin disc to explain the wave-like substructures in the outer disc. However, the north-south asymmetry stays too high to be explained by the thin disc. We then attempt to explain it by shifting the thick disc, as shown in Figure 11 . The left panel of the figure shows the best-fit model with the thick disc centring at Z = 0, while the right panel shows the model with a thick disc shifting by 0.3 kpc to the south. It is seen that the dip at Z ∼ +1.5 kpc and overdensity at Z = −2 kpc displaying in the residual plot of the left panel are significantly weakened in the right panel. Therefore, we suggest that the south-shifting of the thick disc may play a role in producing the substructures D14 + 1.5 and O14 − 2.0.
5.3
The ripple-like feature in the thick disc at 9 < R < 10.5 kpc
In Figure 5 , both the radial density and the scale height of the thick disc show ripple-like features at around R = 9-10 kpc. To test whether this feature is real, we zoom in to the small region at R = 7.5-13 kpc and −3 < Z < 3 kpc in the 2D stellar density map and draw the contours in Figure 12 . At 1 < |Z | < 2 kpc, the Z values of each iso-density contour decline with R at R < 9 and R > 10.5 kpc, while they become flat at 9 < R < 10.5 kpc. Two dotted lines are drawn in both sides of the Galactic mid-plane in the figure to emphasise this broken-contour feature, which may lead to the ripples in the radial stellar density and scale heights of the thick disc. Two possible reasons may be responsible for the feature. First, the thick disc may be substantially perturbed at this radius. Alternatively, the thick disc is separated into two distinct populations: the inner (R < 9 kpc) and the outer (R > 10 kpc) thick discs. More investigations is required to clarify the nature of the feature, in particular using the chemical abundance and stellar kinematics. 
SUMMARY
In this work, we use 69 923 RGB samples carefully selected from the LAMOST DR3 catalogue to reconstruct the spatial structure of the outer disc. The vertical stellar density profiles at various R bins have been fitted with 1D disc-halo models. Then the radial variation of the vertical structural parameters has been displayed without presumption of any analytical function of R. We find that
(1) The total radial density profiles for the discs does not follow an exponential profile, but show down-bending and up-bending breaks at R ∼ 11 and 14 kpc, respectively. The first down-bending may be due to the drop-down in the radial profile of the thin disc. This is roughly consistent with the prediction of the radial migration. The extrapolation of the radial profile of the thick disc can well overlap with the profile of the outer disc, implying that the outer disc is the extension of the thick disc. This is also supported by the fact that the scale length (L thick = 2.72 ± 0.57 kpc) of the thick disc is larger than that (Lthin = 2.13 ± 0.23 kpc) of the thin disc. Consequently, the thick disc becomes prominent at R > 14 kpc, at which the thin disc fades away. This transition may lead to the second up-bending break.
(2) The flared disc in the outskirt is obviously seen from the increasing scale height at larger radii. Within 12 kpc, the thin disc moderately increases its scale height, while the thick disc does not show any significant flare in its scale height. The scale heights of the outer disc seems smoothly connected with the scale height of the thick disc at R = 14 kpc, hinting that the outer disc may be associated with the thick disc.
(3) The residual map of the stellar density in R-Z plane shows rich substructures, including overdensities and dips. We find that the overdensities O10 + 0.3 and O14 − 2.0 likely correspond to the north near and south middle structures, respectively, claimed by X15. The dip D8.5 + 0.2 is consistent with Widrow et al. (2012) . The overdensity O8.5 + 4.0 may be associated with the Virgo overdensity. The overdensity O8.0 − 0.1 should be the same substructure located at around R = 9.5 kpc found by Jurić et al. (2008) . Moreover, a dip D14 + 1.5, which may correspond to the opposite side of the south middle substructure O14 − 2.0, is unveiled from the residual map. Shifting the thick disc model to south may explain the north-south asymmetry produced by D14+1.5 and O14−2.0.
(4) We do not find substantial signature for the Monoceros ring in the outer disc. It seems that the substructure can be explained by the flare of the outer disc.
(5) A strange ripple-like feature located at 9 < R < 10.5 kpc is discovered not only in the density profile and scale heights of the thick disc, but also directly seen in the 2D stellar density map. The nature of this feature is not clear.
